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We describe the dynamic polarization of graphene’s � electrons by means of the Vlasov equations in the
relaxation-time approximation and evaluate the stopping and the image forces on slow ions moving parallel to
a supported graphene under the gating conditions. While the effects of temperature and the gate potential on
these forces are conveniently included by means of a single scaling parameter, the effects of variation in size
of the gap between graphene and the SiO2 substrate are found to be quite large, pointing to the need for
including this gap explicitly in modeling of polarization of graphene.
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I. INTRODUCTION

Ever since stable graphene was isolated,1 its peculiar elec-
tron transport properties have attracted a great deal of
interest.2 One currently witnesses a surge of theoretical ac-
counts of these properties, especially regarding the so-called
minimum conductivity.3–6 One of the important contributions
to the conductivity of graphene comes from electron scatter-
ing on charged impurities, which are ubiquitous in graphene
and its surrounding. Therefore, much attention is being de-
voted to studying the screening of such impurities by polar-
ization of charge carriers in graphene in the static regime,
within both linear3–6 and nonlinear models.7 On the other
hand, dynamic polarization of graphene opens a range of
possible application areas,8 including the emerging field of
plasmonics.9 Namely, recent investigations of the low-energy
collective or plasma excitations of graphene electrons show
that this material may be used as a basis for nanoelectronic
devices operating in the terahertz range of frequencies.7,10–16

In this paper, we analyze the dynamic screening of exter-
nal charges moving nearby supported graphene under the
gating conditions. Unlike our previous study of interactions
of fast particles with graphene,17 we are interested here in
relatively slow ions, moving in the range of speeds from
around Bohr velocity down to thermal speeds. In this regime,
the dynamic response of graphene is dominated by the pecu-
liar behavior of the low-energy excitations of its � electrons
which may be treated as a two-dimensional gas of the mass-
less Dirac fermions.8 There are several possible domains of
interest for such study, ranging from chemisorption of alkali-
metal atoms on graphene18 to the friction of migrating atoms
and molecules,19,20 which can be used to study viscosity of
fluids moving near graphene, to various phenomena involv-
ing the low-energy ion-surface scattering.21 Moreover, the
directional effects in ion interactions with graphene-based
materials have been studied in the context of low-energy ion
channeling through carbon nanotubes,22 as well as in the
context of ion interactions with highly oriented pyrolytic
graphite, including implantation,23 channeling,24 and ion-
induced secondary electron emission from this target.25 Most
of such scattering configurations involve ion impacts upon
graphene surface under grazing incidence, and it is tempting

to speculate about further interesting parallels with the phe-
nomenology discovered in the area of grazing scattering of
particles from solid surfaces.26 With a view of extending
such studies of solid surfaces to graphene, we explore here
the effects of dynamic-polarization forces on ions moving
parallel to a single layer of supported graphene. Specifically,
we calculate the stopping force and the image force which
describe, respectively, the rate of dissipation of ion’s kinetic
energy into both single-particle and collective electron exci-
tations in graphene, and the effects of the image potential Vi,
which attracts the ion toward graphene while elevating its
bound-electron orbital energies.27

Graphene usually appears in experimental situations as
supported by a substrate28,29 which may exert quite strong
influence on its dynamic polarization, as was discussed re-
cently for the cases of fast ions moving in carbon
nanotubes30 or over a supported graphene.17 While the con-
figuration of graphene on metal28 opens interesting possibil-
ity of exciting novel modes of collective electron excitations
due to plasmon hybridization,30,31 we limit ourselves here to
studying the effects of an insulating substrate, such as SiO2
having a dielectric constant of �sub�3.9. Interestingly, while
Ishigami et al.29 have found that the distance h between
graphene and substrate is on the order of the distance be-
tween graphene layers in graphite or even larger, the effects
of finite h were invariably ignored in all previous theoretical
studies of screening by graphene.3–7,10–16 In those studies, it
was usually assumed that there is a background dielectric
constant having the value which is “the average of that of the
substrate… and that of the vacuum due to the image effect,”3

giving ��sub+1� /2�2.45 for SiO2. As it will be shown be-
low, this assumption amounts to taking a zero gap, h=0,
between graphene and substrate, so that we make one of our
principal goals to demonstrate just how strong are the effects
of finite h in the dynamic-polarization forces on moving
ions, implying a need to include the gap size explicitly in
modeling of other screening phenomena by graphene.

In our previous work,17 we studied the dynamic screening
of fast ions and molecules due to the collective excitations of
both � and � electrons in graphene, which can be conve-
niently described by a two-fluid hydrodynamic model30 for
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particle speeds above the so-called kinematic threshold for
plasmon excitation being on the order of the Bohr velocity
for carbon valence electrons. Here, however, we are inter-
ested in slow ions, moving at the speeds under Bohr’s veloc-
ity, so that the dynamic response of graphene is dominated
by the single-particle and collective excitations of its � elec-
trons, whereas � electrons are not excited owing to their
having a large band gap. Such low-energy excitations require
going beyond the hydrodynamic model, and the dielectric-
response theory for surfaces and layered structures32 is a
convenient way to proceed, given that the dielectric function
for graphene is available within the random phase approxi-
mation �RPA� based on a linear approximation for the �
electron bands.7,10,12 However, we shall describe here the
dynamic response of the graphene and/or substrate system by
means of a semiclassical Vlasov equation for graphene’s �
electrons, which was used recently by Ryzhii et al.15 to de-
duce a low-frequency plasmon dispersion for such system.
The main shortcoming of the semiclassical approach com-
pared to the RPA formalism is the absence of high-energy
interband electron transitions, which will not be so critical
for our study in the case of a sufficiently large gate voltage
and for slow ions moving at sufficiently high distances from
the graphene plane. On the other hand, the relative simplicity
of the semiclassical approach to dynamic screening in com-
parison to the RPA results allows for a straightforward inclu-
sion of finite temperatures, as well as for an easy treatment of
the finite gap between the graphene and substrate. While our
results for the dynamic-polarization forces conveniently in-
clude the effects of temperature, along with the gate voltage,
through a single scaling parameter, the role of the graphene-
substrate gap will be examined in detail as an external pa-
rameter. Further, among other advantages of the semiclassi-
cal approach, explored here, is the explicit inclusion of
various electron scattering processes in the Vlasov equation
within the relaxation-time approximation, making it compat-
ible with calculations of the graphene conductivity based on
the Boltzmann theory,3,4 whereas electron collisions have yet
to be included in the RPA results for graphene, e.g., by
means of Mermin’s method.33 Finally, it will be shown here
that a steady-state solution of the Vlasov equation provides a
natural framework for deriving a fully self-consistent,
temperature-dependent nonlinear Thomas–Fermi �TF� model
for static screening of charged impurities in or near the sup-
ported graphene under arbitrary gating conditions.7

After outlining the theory used to treat the effects of sub-
strate and to deduce a model dielectric function from the
Vlasov equation, we shall discuss the results for the stopping
and image forces for a range of the relevant parameters. Our
concluding remarks will be followed by a derivation of the
nonlinear model for static screening in Appendix. We shall
use the Gaussian cgs units and denote the charge of a proton
by e�0.

II. BASIC THEORY

A. Effects of substrate

We use a Cartesian coordinate system with coordinates
�r ,z�, where r= �x ,y�, and assume that graphene is placed in

the z=0 plane. A substrate with dielectric constant �sub is
assumed to occupy the region z�−h underneath the
graphene, whereas the region z�−h is assumed to be
vacuum or air. The ground state of such system under the
gating conditions is characterized by certain �uniform�
charge densities induced on both graphene and the substrate
surface. When a point charge Q moves parallel to graphene
at a fixed position z0�0 above it with a constant velocity
v= �vx ,vy�, so that its density can be written as �ext�r ,z , t�
=Q��r−vt���z−z0�, then the resulting electric potential
	ext�r ,z , t� will perturb the system giving rise to deviations
from the ground-state charge densities �per unit area� on both
the graphene and substrate surface which we denote, respec-
tively, by �gr�r , t� and �sub�r , t�.

Next, we resort to the method of Doerr and Yu34 to treat
the effects of substrate, assuming its surface to be structure-
less. Denoting the electric potentials due to the induced
charge densities �gr and �sub, respectively, by 	gr�r ,z , t� and
	sub�r ,z , t�, the total �screened� electric potential in the sys-
tem, 	, can be written as

	 = 	ext + 	gr + 	sub. �1�

Then, if there are no free charges on the substrate surface
�such as, e.g., dopant centers�, one can use the continuity of
the normal component of the displacement vector,

� �	

�z
�

z=−h+0
= ��sub

�	

�z
�

z=−h−0
, �2�

to obtain �sub.
17,30,34 This is easily implemented by using the

Fourier transform with respect to time, t→
, and coordi-
nates in the xy plane, r→k, defined by

A�r,z,t� =� d2k

�2��2 � d


2�
eik·r−i
tÃ�k,z,
�

for an arbitrary function A. Thus, the Fourier transformed
components of the electric potential in Eq. �1� are given by

	̃ext�k,z,
� = 2�Q��
 − k · v�
2�

k
e−k�z−z0�, �3�

	̃gr�k,z,
� =
2�

k
e−k�z��̃gr�k,
� , �4�

	̃sub�k,z,
� =
2�

k
e−k�z+h��̃sub�k,
� , �5�

where k=	kx
2+ky

2.
Finally, we note that, for a self-consistent determination

of the total electric potential 	, one only requires the polar-
ization function of graphene, ��k ,
�, which gives �gr

=−engr in terms of the induced number density per unit area
of electrons on graphene, defined by

ñgr�k,
� = ���k,
�	̃�k,z,
��z=0. �6�

Using the relation 
Eq. �6�� along with 
Eqs. �3�–�5�� and the
Fourier transforms of the boundary condition 
Eq. �2�� and
the decomposition of the total potential 
Eq. �1��, one can
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obtain the Fourier transform of the induced potential, 	ind
=	sub+	gr, in the region above graphene �z�0�, as follows:

	̃ind
� �k,z,
� = 2�Q��
 − k · v�

2�

k
e−k�z+z0�� 1

��k,k · v�
− 1
 ,

�7�

where

��k,
� = �0�k� +
2�e

k
��k,
� �8�

is the dielectric function of supported graphene, with

�0�k� �
�sub + 1

2

1 + coth�kh�
�sub + coth�kh�

�9�

being the background dielectric function which quantifies the
effects of substrate on the response of graphene. Note that
�0�k� takes the values in the range between 1 and ��sub

+1� /2, characterizing, respectively, the case of a free
graphene �h→�� and the case of a zero gap �h=0� between
the graphene and substrate, which is usually considered in
the literature.

As before,17,30 the stopping and the image forces on the
moving charge are defined in terms of the induced potential,
	ind

� �r ,z , t�, respectively, as follows:

Fs = � − Qv̂ ·
�

�r
	ind

� �
r=vt,z=z0

, �10�

where v̂=v /v, and

Fi = � − Q
�

�z
	ind

� �
r=vt,z=z0

. �11�

We finally note that a similar procedure can be repeated for a
projectile moving between the graphene and substrate �−h

z0
0�, in which case one would evaluate the stopping and
image forces from an expression for the induced potential

	̃ind

 , valid in the region underneath the graphene �z
0�,

which is slightly more complex than Eq. �7�.

B. Model dielectric function of graphene

We shall treat graphene assuming a uniform two-
dimensional background of positive ion cores. Let us first
consider the ground state of graphene with an equilibrium
charge density per unit area, −en0, induced by applying a
gate voltage Vg underneath the substrate layer of thickness
wsub�h, so that

n0 =
�sub

4�e

Vg

wsub
�12�

from elementary electrostatics.15 On the other hand, the equi-
librium number density of charge carriers per unit area is
given by

n0 = �
0

�

d��+���f��� − �
−�

0

d��−���
1 − f���� , �13�

where

����� = �
gd�

2���vF�2H���� , �14�

with H��� being the standard unit-step Heaviside function,
are the electron energy densities in the conduction and va-
lence bands, respectively. Here, the degeneracy factor, gd
=4, and the Fermi speed of graphene, vF�c /300 �c being
the speed of light� characterize the band structure of � elec-
trons in the approximation of linear dispersion, ���p�
= �vFp, where p is the electron quasimomentum and p its
magnitude. Using the Fermi-Dirac distribution,

f��� =
1

1 + exp
�� − ��/kBT�
, �15�

in Eq. �13� allows one to express n0 as a function of the
chemical potential,

n0��� =
gd

2�
� kBT

�vF
�2


dilog�1 + e−�/kBT� − dilog�1 + e�/kBT�� ,

�16�

where dilog is the standard dilogarithm function.35 Inverting
the relation 
Eq. �16�� can be used in conjunction with Eq.
�12� to deduce the value of chemical potential � for any
applied gate voltage Vg. Clearly, in the ungated situation �i.e.,
for intrinsic graphene�, one has n0=0 and consequently �
=0, whereas the zero-temperature limit, T→0 �and, accord-
ingly, �→�F�, amounts to the relation n0=

gd

4�
� �F

�vF
�2

sgn��F�,
where the Fermi energy �F is often used to define the Fermi
momentum of graphene by pF= ��F� /vF.

In order to analyze the dynamic response of � electrons in
graphene, we use the approach of Ryzhii et al.15 based on the
Vlasov-type equations for the probability density functions
f��p ,r , t� of graphene’s � electrons in the conduction and
valence bands,

�f�

�t
+ v��p� ·

�f�

�r
+ Ft�r,t� ·

�f�

�p
= J�, �17�

where v��p������p� /�p= �vFp̂, with p̂=p / p, and

Ft�r,t� = �e
�

�r
	�r,z,t��

z=0
�18�

is a tangential force on an electron in the graphene plane due
to the total electric potential 	 in the system. We shall con-
sider the Vlasov equations 
Eq. �17�� in the relaxation-time
approximation by writing the collision terms as

J� = −
f� − f�

0

��p�
, �19�

where f�
0 �p ,r� are stationary �unperturbed� solutions of Eq.

�17�. While we shall be primarily concerned with the colli-
sionless case 
Eq. �17�� by taking the limit of a vanishing
decay constant, �=�−1→0+, we note that various mecha-
nisms of electron scattering can be easily incorporated in the
Vlasov equation by using the available expressions for the
relaxation time ��p�, which are currently under investigation
within the framework of the Boltzmann theory of graphene
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conductivity.3–5 Note that the connection with the Poisson
equation for electric potential is achieved by using the in-
duced density �per unit area� of charge carriers on graphene,
ngr�r , t�=n�r , t�−n0, defined by

ngr�r,t� = gd� d2p

�2���2 
�f+�p,r,t� + �f−�p,r,t�� , �20�

where �f�� f��p ,r , t�− f
���p��.
We further assume that the potential 	 presents a weak

perturbation of the ground state described by the Fermi-
Dirac distribution, f�

0 �p ,r�= f
���p��, and therefore truncate
the expansion f�= f�

0 +�f�+¯ after the first term. On ap-
plying the Fourier transform with respect to t and r, one
obtains the linearized Vlasov equations for the perturbations

of the probability densities, �f˜

��p ,k ,
�, as follows:

− i
�f˜

� + ik · v��p��f˜

� + ik · v��p�f�
���p��

�e	̃�k,z,
��z=0 = − ��p��f˜

�, �21�

where f����=df��� /d�. Finally, solving Eq. �21� for �f˜

� and
substituting into the Fourier transformed relation 
Eq. �20��
allow one to refer to the definition 
Eq. �6�� and write the
polarization function of graphene as �=�++�−, where

���k,
� =
egd

�2���2 � d2pf�
���p��
k · v��p�


 + i��p� − k · v��p�
.

�22�

A useful intermediate result can be written when � depends
only on the magnitude of the electron quasimomentum,

��k,
� = e�
−�

�

d�����f�����
−�

� d�

2�

kvF cos �


 + i�
p���� − kvF cos �
,

�23�

where ������+���+�−���=
gd���

2���vF�2 is the total energy den-

sity of the �-electron bands and p���= ��� /vF. After some
algebra, the integral over � in Eq. �23� amounts to an expres-
sion −1+X�
 ,k ;��, where the real and the imaginary parts,
Xr and Xi, of the auxiliary function X�
 ,k ;�� are, respec-
tively, even and odd functions of 
 and are given for 
�0
by

Xr�
,k;�� =
�	A + 	A2 + B2 + �	− A + 	A2 + B2

	2�A2 + B2�
,

�24�

Xi�
,k;�� =
�	A + 	A2 + B2 − �	− A + 	A2 + B2

	2�A2 + B2�
.

�25�

Here, A=�2−�2−1 and B=2��, with �=
 / �kvF� and �
=� / �kvF�, indicating that Xr and Xi are, in fact, universal
functions of � and �.

If one can further assume ��const, e.g., by taking ��p�
���pF� in the low temperature case, then the integral over �

in Eq. �23� can be completed, giving simply −�n0��� /��,
where n0��� is given by Eq. �16�. Finally, the dielectric func-
tion of the supported graphene is obtained from Eq. �8� as
follows:

��k,
� = �0�k� +
kTF

k

1 − Xr�
,k;�� − iXi�
,k;��� ,

�26�

where we have defined the TF inverse screening length by

kTF � 2�e2�n0

��
= gde2 kBT

��vF�2 ln�2�1 + cosh� �

kBT
�
� ,

�27�

having the zero-temperature limit of kTF→gde2��F� / ��vF�2

�10pF /�.
It is worthwhile analyzing the dielectric function 
Eq.

�26�� in some detail. In the collisionless limit, one obtains
from Eqs. �24� and �25� simply

Xr�
,k� =
�
�

	
2 − �kvF�2
H

2 − �kvF�2� , �28�

Xi�
,k� = −



	�kvF�2 − 
2
H
�kvF�2 − 
2� , �29�

showing that there exists a continuum of single-particle ex-
citations for 0


kvF corresponding to the intraband elec-
tron transitions, whereas the real root of ��k ,
�=0 implies
that there are plasmon excitations in the high-frequency re-
gion 
�kvF, with the dispersion 
=
p�k� defined by


p�k� = vF
k + kTF�k��	 k

k + 2kTF�k�
, �30�

where kTF�k��kTF /�0�k� is the screened, wave-number de-
pendent TF inverse screening length. In the limit of a zero
gap between the graphene and substrate, one has kTF
=2kTF / ��sub+1�=const, giving the familiar long-wavelength
limit, 
p�k��	k, typical of a two-dimensional electron gas.
By further considering the low-frequency and the long-
wavelength limits in Eq. �28� and �29�, one can see that the
dielectric function of the supported graphene obtained here
reproduces, at least qualitatively, both the collective and in-
traband electron excitations in the dielectric function ob-
tained from a full RPA,7,10,12 while the interband electron
excitations stemming from the Pauli exclusion principle are
not reproduced in the present semiclassical theory. However,
since the interband electron transitions yield a high-
frequency continuum in the region 
�
F+ �vFk−
F�, where

F���F� /�, one expects that at least the low-frequency and
the long-wavelength electron excitations will be correctly ap-
proximated by the present model. As far as the stopping and
image forces, Eqs. �10� and �11�, are concerned, it follows
from the exponential in Eq. �7� that the contributions of
wavelengths shorter than �z0 will be suppressed anyway.
Taking further into account the kinematic constraint 
=k ·v
in Eq. �7�, one may ascertain that the results based on the
Vlasov equations will be adequate for slow ions moving far
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enough from a graphene layer exposed to a sufficiently large
gate voltage.

Moreover, it also follows from Eqs. �28� and �29� that, in
the static case, we obtain the standard TF dielectric function
without the effects of collisions,

��k� = �0�k� + kTF/k , �31�

which has been used elsewhere with the assumption �0�k�
=const.3–5 However, the static limit in Eqs. �24� and �25�
already gives a different result for the dielectric function
with finite �, namely,

��k� = �0�k� +
kTF

k �1 −
�

	�2 + �kvF�2
 , �32�

which is not reproduced by the standard RPA approach.

III. RESULTS FOR STOPPING AND IMAGE
FORCES

Using the definitions 
Eqs. �10� and �11��, one obtains,
respectively, the stopping and image forces as follows:

Fs =
2

�

Q2

v
�

0

�

dke−2kz0�
0

kv

d




	k2v2 − 
2
Im� 1

��k,
�
 ,

�33�

Fi =
2

�
Q2�

0

�

dkke−2kz0�
0

kv d


	k2v2 − 
2
Re� 1

��k,
�
− 1
 ,

�34�

where we have used the symmetry properties of the real and
imaginary parts of the dielectric function ��k ,
� from Eq.
�26�. We note that the stopping force is the negative of the
usual stopping power, Fs=−S, whereas the image force is
related to the familiar image potential of an ion by Fi=
−dVi /dz0.32

Because the main parameters characterizing the system
are the ground-state charge carrier density n0 �and, through
it, the gating voltage Vg� and the temperature, it appears most
rational to use the TF inverse screening length kTF, defined in
Eq. �27�, as a scaling parameter to express our results in
dimensionless form. So, we first change 
 to �=
 / �kvF� in
Eqs. �33� and �34� to reflect the fact that the functions Xr and
Xi in Eqs. �24� and �25� are universal functions of �, and
then we change k to K=k /kTF. This enables us to express the

reduced stopping and image forces, F̄s=Fs / �QkTF�2 and F̄i

=Fi / �QkTF�2, as functions of the reduced ion distance z̄0

=z0kTF and the reduced ion speed v̄=v /vF, as follows:

F̄s =
2

�

1

v̄
�

0

�

dKKe−2Kz̄0�
0

v̄

d�
�

	v̄2 − �2
Im� 1

��K,�;�̄, h̄�

 ,

�35�

F̄i =
2

�
�

0

�

dKKe−2Kz̄0�
0

v̄ d�

	v̄2 − �2
Re� 1

��K,�;�̄, h̄�
− 1
 .

�36�

Here, we have indicated that the remaining dependencies on
the graphene parameters are retained in the dielectric func-

tion via the reduced graphene-substrate gap h̄=hkTF appear-
ing in �0, as defined in Eq. �9�, and the reduced decay con-
stant �̄=� / �kTFvF� which is defined so that the universal
dependencies on �=� / �kvF� in Eqs. �24� and �25� are re-
tained by writing �= �̄ /K. It is particularly gratifying to note
that, in the usual collisionless and zero-gap cases of the RPA
treatments of screening by graphene,7,10,12 the expressions
for the reduced forces 
Eqs. �35� and �36�� become universal
functions of the reduced distance z̄0 and the reduced speed v̄,
thereby covering wide ranges of temperature and the gate
voltage. As a reference, we note that, for the density of n0
=1012 cm−2 which is typically achieved in gated graphene,
one obtains at zero temperature kTF�0.16 Å−1. Moreover, as
the graphene-substrate gap may be estimated to be at least on
the order of the van der Waals radius of a carbon atom,
1.7 Å, or even about twice that amount in the case of a SiO2
substrate,29 one can then estimate the typical value of the

reduced gap to be h̄�0.5. As for the relaxation time, one can
use the experimental values for the electron mean free paths
in graphene to estimate � to be as large as 3�10−13 s−1,
giving �̄�0.21�10−3 or more, depending on the density of
impurities.4

In Fig. 1, we show the velocity dependencies of the �a�
stopping and �b� image forces for three values of the gap h̄
between graphene and a SiO2 substrate, with fixed z̄0=1 and
�̄=0. One notices almost linear increase in the stopping force
at low speeds due to the intraband single-electron excita-
tions, followed by a massive peak after the speed v̄=1 which
is a threshold for energy loss to the plasmon excitations, and
a slow decrease in stopping force at the higher speeds. We
note that the high-speed behavior may be somewhat changed
in the presence of the interband electron transitions and the
corresponding plasmon decay. The image force shows simi-
lar resonant features at around the speed v̄=1 with the sig-
nificant tendency of saturation at the lowest and the highest
speeds shown. However, the most remarkable features shown
in Fig. 1 are the very strong dependencies of both forces on

values of the graphene-substrate gap, with h̄=� standing for

a free graphene, h̄=0 being the zero-gap approximation em-
ployed in the RPA studies of graphene screening, whereas

h̄=0.5 is probably close to a typical experimental situation.
In Fig. 2, we show the dependencies of the stopping and
image forces on the ion-graphene distance z̄0 for the same

three values of the gap h̄, as in Fig. 1, and for two typical
speeds, v̄=0.5 and 1.5, straddling the plasmon threshold at
v̄=1, with �̄=0. One notices an overall decay in magnitudes
of both forces which are, given the logarithmic scale, again

strongly affected by the value of h̄. One also notices that
both forces diverge as z̄0=z0kTF→0, which can be traced
back to the failure of the linear response theory for point
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charges in intrinsic graphene, because kTF�	�n0�→0 for
vanishing gate voltage from Eq. �12�.7 For extrinsic
graphene, those divergencies may be remedied when the in-
terband electron transitions are included.

In order to further explore the effect of the graphene-

substrate gap, we show in Fig. 3 the h̄ dependencies of both
forces for three speeds v̄, with fixed z̄0=1 and �̄=0. One
notices the remarkably strong dependencies in the range of

small gaps, say h̄
1, with a very slow leveling toward large

h̄ values, which may even occur in a nonmonotonous manner
as shown for the image force at the speed v̄=1.5 in Fig. 3�b�.
Since h̄�0.5 is likely close to a realistic value, one may
conclude that any uncertainty or spatial variation of the gap
size in directions across graphene may bring relatively large
fluctuations in the values of both the stopping and image

forces on moving ions.29 Finally, in Fig. 4, we choose h̄
=0.5 to illustrate the effects of a finite decay constant �̄ on
the velocity dependencies of the stopping and image forces
for fixed z̄0=1. As expected, one notices the effect of
smoothing out the resonant features in both forces around the
speed v̄=1, with little influences on their high-speed behav-
iors and on the low-speed behavior of the stopping force.

However, the low-speed values of the image force are notice-
ably dependent on �̄, indicating that, when studying static
screening of charged impurities,3–6 the dielectric function

Eq. �32�� would likely give different results in comparison
to the linear TF model 
Eq. �31��.

It is of particular interest for the interactions of slow
charges with graphene to obtain analytical expressions for
the image and stopping forces for vanishing projectile speed
v. This can be achieved by assuming �=0 and �0=const, so
that one obtains a stopping force which is proportional to the

ion speed, F̄s=−�v̄, with the friction coefficient � given by

� =
1

2�0
3�1

�
+ 1 − �2 + ��e� Ei�1,��
 , �37�

and the static image force given by

F̄i =
1

�0
3�1 − �0

�2 −
1

�
+ e� Ei�1,��
 , �38�
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h=�

-F
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a)

b)

FIG. 1. The reduced �a� stopping and �b� image forces as func-
tions of the reduced speed v̄ for an ion moving at the reduced
distance z̄0=1 above graphene for three values of the reduced gap

between graphene and a SiO2 substrate, h̄=0.0 �solid lines�, 0.5
�dashed lines�, and � �dotted lines�, with zero damping, �̄=0.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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FIG. 2. The reduced �a� stopping and �b� image forces as func-
tions of the reduced distance z̄0 above graphene for an ion moving
at two values of the reduced speed, v̄=0.5 �thin lines� and 1.5 �thick
lines�, and for three values of the reduced gap between graphene

and a SiO2 substrate, h̄=0.0 �solid lines�, 0.5 �dashed lines�, and �
�dotted lines�, with zero damping, �̄=0.
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where ��2z̄0 /�0 and Ei�1,�� is the standard exponential
integral.35 Note that the leading term in the asymptotic ex-
pansion of the image force at large distances for graphene in
free space ��0=1� gives Fi�−Q2 / �4z0

2�, typical for a per-
fectly conducting surface.

IV. CONCLUDING REMARKS

We have used a semiclassical model based on the Vlasov
equations to describe the dynamic polarization of graphene’s
� electrons under the gating conditions in response to slowly
moving charges, with a particular attention paid to the effects
of temperature, electron scattering, and the size of the gap h
between graphene and substrate. We have obtained expres-
sions for the stopping force and the image force on point
charges moving parallel to graphene in which the effects of
variations in both temperature and gate voltage are included
through a TF inverse screening length as a single scaling
parameter, whereas the decay rate due to electron scattering
and the graphene-substrate gap were examined as external
parameters. We have found sizable effects of the decay rate,
especially around the threshold ion speed for plasmon exci-
tations, v�vF. The most dramatic and the most important

among our findings is that the size of the graphene-substrate
gap h may exert quite large influence on the magnitudes of
the dynamic-polarization forces on moving ions and, in par-
ticular, that the rates of change with h in these effects are the
largest in the range of h values compatible with the experi-
mental data for supported graphene. Therefore, given that the
standard deviation of the gap size h was found experimen-
tally to be large compared to its mean value for graphene
lying on a SiO2 substrate,29 one may expect substantial varia-
tions in both the stopping and image forces on ions travers-
ing large areas across such systems.

Finally, we have shown how a nonlinear model for static
screening arises from the steady-state solutions of the Vlasov
equations. Given that the linear theory of screening was
shown to completely fail in the case of intrinsic graphene,7

we shall attempt in future work to implement the nonlinear
kinetic model to derive both the image force and the friction
coefficient for slow charges moving over a supported
graphene with small or zero gate voltage. Other improve-
ments will include an analysis of the effects of the interband
electron transitions on the dynamic-polarization forces on
ions moving at the intermediate speeds.
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FIG. 3. The reduced �a� stopping and �b� image forces as func-

tions of the reduced gap h̄ between graphene and a SiO2 substrate,
for an ion moving at the reduced distance z̄0=1 above graphene,
with three values of the reduced speed, v̄=0.5 �solid lines�, 1.5
�dashed lines�, and 2.5 �dotted lines�, and with zero damping,
�̄=0.
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FIG. 4. The reduced �a� stopping and �b� image forces as func-
tions of the reduced speed v̄ for an ion moving at the reduced
distance z̄0=1 above graphene for three values of the reduced
damping, �̄=0 �solid lines�, 0.05 �dashed lines�, and 0.1 �dotted
lines�, with the reduced gap between graphene and a SiO2 substrate

being h̄=0.5.
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APPENDIX: NONLINEAR THOMAS–FERMI MODEL OF
STATIC SCREENING

In this Appendix, we demonstrate how a temperature-
dependent, self-consistent model for nonlinear screening of a
static external charge arises from the Vlasov equations 
Eq.
�17��.7 We shall assume a point charge Q at the position z0
�−h, so that cases of charged impurities lying between the
graphene and the substrate surface �−h�z0
0� can be stud-
ied, in addition to the charges lying on the upper side of
graphene �z�0�.

Using the Fourier transform with respect to coordinates in
the graphene plane, r→k, the total �screened� potential from
Eq. �1� can be expressed via Eqs. �3�–�5� as follows:

	̃�k,z� =
2�

k

Qe−k�z−z0� + �̃gr�k�e−k�z� + �̃sub�k�e−k�z+h�� .

�A1�

Next, one can use this expression to obtain �̃sub from the
boundary condition 
Eq. �2�� as follows:

�̃sub�k� = −
�sub − 1

�sub + 1

�̃gr�k� + Qe−kz0�e−kh, �A2�

which, upon substitution back into Eq. �A1�, allows one to
write the inverse Fourier transform, k→r, of the total poten-
tial in the system, 	�r ,z�, in terms of an integral over the
charge density �per unit area�, �gr�r�=−engr�r�, induced on
graphene by the external point charge,

	�r,z� = Q� 1
	r2 + �z − z0�2

−
�sub − 1

�sub + 1

1
	r2 + �z0 + h + �z + h��2


− e� d2r�ngr�r��� 1
	�r − r��2 + z2

−
�sub − 1

�sub + 1

1
	�r − r��2 + �h + �z + h��2
 . �A3�

We note that the terms in this expression involving the factor
��sub−1� / ��sub+1� describe the contributions of the classical
image of charges in the substrate.

To proceed further, one needs to deal with the values of
the total electric potential in the graphene plane, which we
denote as

��r� � �	�r,z��z=0. �A4�

In passing, we note that ��r� is precisely the potential re-
quired in calculations of the electron transport in graphene
based on some sort of a two-dimensional scattering
formalism.3–6 Next, note that the ground state of the system
with a static point charge is described by the steady-state
solution of the Vlasov equations 
Eq. �17�� in the local form,
f��p ,r�= f�

0 �p ,r�= f
���p�−e��r��, where f��� is the
Fermi-Dirac distribution 
Eq. �15��. This allows one to evalu-
ate ngr from Eq. �20� as follows:

ngr�r� = n0
� + e��r�� − n0��� , �A5�

where n0��� is given by Eq. �16�. Now, by setting z=0 in Eq.
�A3� and using ngr�r�� from Eq. �A5�, one obtains the fol-
lowing nonlinear integral equation for ��r�:

��r� = Q� 1

	r2 + z0
2

−
�sub − 1

�sub + 1

1
	r2 + �z0 + 2h�2


− e� d2r��n0
� + e��r��� − n0����

�� 1

�r − r��
−

�sub − 1

�sub + 1

1
	�r − r��2 + 4h2
 . �A6�

Once Eq. �A6� is solved for the values of the screened po-
tential ��r� in the graphene plane, one can obtain ngr�r��
from Eq. �A5� and use it in Eq. �A3� to finally calculate the
screened potential throughout the space and, in particular, to
evaluate the image potential of the external charge from
Vi�z0�=Q	ind�r=0,z0�, where 	ind�r ,z� is given by Eq. �A3�
without the first term. Finally, we mention that a similar pro-
cedure can be repeated for charges embedded in the sub-
strate, z0
−h.

Of course, if the potential ��r� is weak enough, one can

linearize ngr in Eq. �A3�, ngr�r���e��r��
�n0

�� , with n0���
given by Eq. �16�, solve the resulting equation for ��r� by
using the Fourier transform, and end up with a linear screen-
ing model based on the TF dielectric function 
Eq. �31��.
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